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We present new relations for scattering amplitudes of color ordered gluons, massive quarks and
scalars minimally coupled to gravity. Tree-level amplitudes of arbitrary matter and gluon multiplic-
ities involving one graviton are reduced to partial amplitudes in QCD or scalar QCD. The obtained
relations are a direct generalization of the recently found Einstein-Yang-Mills relations. The proof
of the new relation employs a simple diagrammatic argument trading the graviton-matter couplings
to an ‘upgrade’ of a gluon coupling with a color-kinematic replacement rule enforced. The use of
the Melia-Johansson-Ochirov color basis is a key element of the reduction. We comment on the
generalization to multiple gravitons in the single color trace case.
INTRODUCTION
At the Lagrangian level Einstein’s theory of gravity
and Yang-Mills (YM) gauge theories look quite differ-
ent. Nonetheless, in a perturbative quantization on a
flat space-time background intimate relations between
their S-matrices exist, allowing one to express pure gravi-
ton scattering amplitudes through pure gluon scattering
data. The first such connection are the Kawai-Lewellen-
Tye relations [1] derived from the string theory. Later
Bern, Carrasco and Johansson (BCJ) [2–4] introduced
a double-copy construction for graviton amplitudes from
gluons. Here Lie-algebra like relations for the kinematic
building blocks of gluon amplitudes were identified. The
double copy technique may be used to generate loop-
level integrands of gravitational theories from the sim-
pler gauge-theory ones, this being the state-of-the-art
method for higher loop computations in (super)-gravity.
For the phenomenologically most relevant case of grav-
ity minimally coupled to generic non-abelian gauge and
matter fields of spins 1, 1/2 and 0, our knowledge is less
complete. Early results for maximally-helicity violating
(MHV) tree amplitudes [5–7] were rather recently dra-
matically extended to the tree-level sector of Einstein-
Yang-Mills (EYM) amplitudes. Here the full modern
arsenal of amplitude techniques was employed, starting
from the field theory limit of string amplitudes [8], field
theoretical considerations [9, 10] using the Cachazo-He-
Yuan (CHY) formalism [11–13], as well as double copy
methods [14]. In fact, the complete reduction of the EYM
tree-level S-matrix to the YM one was accomplished in
[15–17]. This in combination with the existing result for
all tree-level color-ordered gluon amplitudes [18–20], con-
stitutes the complete solution for the EYM S-matrix at
tree level. First results for pure EYM amplitudes at one-
loop level at multiplicity four were recently reported in
[21].
In this letter we report on an extension of these results
to generic massive non-abelian matter fields, i.e. QCD
and scalar QCD with Nf flavors minimally coupled to
Einstein’s gravity. Again, we are able to present com-
pact formulae to express single graviton-quark-gluon and
graviton-scalar amplitudes in linear combinations of non-
gravitational amplitudes. We comment on generaliza-
tions to higher graviton multiplicity in the discussion.
EINSTEIN-YANG MILLS
Gluon amplitudes may be color decomposed in various
bases. A particular useful and minimal one, as it gen-
eralizes to QCD, is the Del Duca-Dixon-Maltoni (DDM)
basis [22] which organizes the n-gluon scattering ampli-
tude in a basis of (n− 2)! partial amplitudes
Atreen =
∑
σ∈Sn−2({3,...,n})
C(1, 2, σ)AYM(1, 2, σ) . (1)
with the DDM factors
C(1, 2, σ3, . . . , σn) := f˜
a2aσ(3)b1 f˜ b1aσ(4)b2 . . . f˜ bn−3aσ(n)a1
where f˜abc = i fabc are the structure constants of the
gauge group (our conventions are summarized in the ap-
pendix). Clearly, also for an EYM amplitude involving
a single graviton and at leading order in gravitational
coupling κ (implying a color single trace structure) an
identical color decomposition in the DDM basis may be
applied
Atreen;1 =
∑
σ∈Sn−2({3,...,n})
C(1, 2, σ)AEYM(1, 2, σ; p) , (2)
where the graviton leg p is of course not participating in
the color ordering. In [8] an intriguingly simple represen-
tation of this partial EYM-amplitude was derived from a
string theory consideration
AEYM(1, 2, . . . , n; p) = (3)
κ
2g
n∑
i=2
(εp ·Xi)AYM(1, 2, . . . , i, p, i+ 1, . . .) .
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2Here the graviton polarization is written as εµνp = ε
µ
pε
ν
p .
Moreover Xi =
∑i
j=2 kj denotes the region momentum.
In a sense one half of the graviton has turned into a gluon
evenly distributed amongst the n gluons.
Indeed the relation (3) immediately follows from the con-
sistency of soft-limits. Both gravitons [23] and gluons [24]
(resp. photons) obey universal factorization properties in
the soft limit p→ 0
AEYM(1, . . . , n; p)
p→0
=
n∑
i=1
(εp · ki)2
ki · p A
YM(1, . . . , n)
AYM(. . . , i, p, i+ 1, . . .)
p→0
= (4)(εp · ki
ki · p −
εp · ki+1
ki+1 · p
)
AYM(1, . . . , n) .
Our convention is that all external momenta are incom-
ing. If one starts with (3) as an ansatz with an a priori
undetermined Xp one quickly arrives at the consistency
conditions
Xi −Xi−1 = ki , X2 = k2 and Xn = −k1 (5)
upon taking p soft. These relations are solved for the
region momenta Xi =
∑i
j=2 kj . In addition, the second
consistency requirement of gauge invariance of (3), εµp →
pµ, immediately yields the famous BCJ relation [2]
0 =
n∑
i=2
(p ·Xi)AYM(1, 2, . . . , i, p, i+ 1, . . .) , (6)
an essential ingredient of the double-copy construction
[3, 4]. So indeed (3) is entirely constrained by soft limits
and gauge invariance.
EINSTEIN-QCD
We now generalize (3) to QCD minimally coupled to
gravity (EQCD). For this we need to first discuss the
issue of color ordering in the presence of quarks and anti-
quarks in the fundamental representation T a
ij¯
of the gauge
group. A very useful color basis for this was provided by
Melia [25] and refined by Johansson-Ochirov [26], which
we term the MJO-basis. An n-particle QCD amplitude
consists of k quark-anti-quark pairs and n − 2k gluons.
Without loss of generality we take the flavors of all k
quark lines to be distinct. The primitive amplitudes in
the MJO-basis are given by{
A(1, 2¯, σ)
∣∣∣σ ∈ Dyckk−1 × {gluon insertions}n−2k} .
Quarks and anti-quarks are marked with under-scores or
over-scores, respectively. In the partial QCD amplitude
A(1, 2¯, σ) the permutation of the last (n− 2) arguments
must form a Dyck word. The most intuitive defintion
is that a Dyck word corresponds to well formed bracket
expressions with quarks preceded by opening and anti-
quarks followed by closing brackets. In the MJO-basis a
QCD amplitude may then be decomposed as
Atreen,k =
χ(n,k)∑
σ∈MJO basis
C(1, 2¯, σ)AQCD(1, 2¯, σ) (7)
where χ(n, k) = (n−2)!k! is the dimension of the basis [26].
Using the bracket notation the color factors are given by
C(1, 2¯, σ) = (−)k−1 {2|σ|1}
∣∣∣∣∣∣
q → {q|T b ⊗ Ξbl−1
q¯ → |q}
g → Ξagl
(8)
Here a level of ‘nestedness’ l has been introduced, it is
the number of anti-quarks minus the number of quarks
to the left of the position in the Dyck word, and reflected
in the tensor product structure. The important object
Ξal takes the form
Ξal =
l∑
s=1
1⊗ . . .⊗ 1⊗
s︷ ︸︸ ︷
T a ⊗ 1⊗ . . . 1⊗ 1︸ ︷︷ ︸
l
. (9)
The Ξal form a representation of the gauge group Lie
algebra [Ξal ,Ξ
b
l ] = f˜
abcΞcl . The explicit C(1, 2¯, σ)’s are
sums of products of k strings of generators (T a1 . . . T ar )ij¯
contracted over adjoint indices
Clearly then, an Einstein-QCD amplitude at leading
order in κ (single color trace) involving a single-graviton
enjoys a color decomposition in the MJO basis
Atreen,k;1 =
χ(n,k)∑
σ∈MJO basis
C(1, 2¯, σ)AEQCD(1, 2¯, σ; p) . (10)
The central result of this letter is, that this partial
EQCD-amplitude takes the form
AEQCD(1, 2, . . . , n; p) = (11)
κ
2g
n∑
i=2
(εp ·Xi)AQCD(1, 2, . . . , i, p, i+ 1, . . .) .
in complete analogy to (3). A gauge transformation on
leg p yields the BCJ relations (6) in QCD [26] which
were proven in [27]. The relation (11) is also consistent
with the soft limits as the soft behavior of gravitons and
gluons is universal, i.e. (4) also holds for {1, . . . , n} being
(anti)-quarks or gluons. These consistencies are strong
evidence for the correctness of (11).
DIAGRAMMATIC PROOF
In order to prove (11) consider the Feynman diagram-
matic representation of the color dressed Atreen,k;1 of (10).
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Appendix A: Feynman Rules for Einstein-Yang-Mills-Scalar Theory coupled to Quarks
The graviton is understood to carry momentum P and Lorentz indices ↵ . All gluon and graviton momenta are
ingoing. The momenta of the fermions and scalars follow their particle’s arrows.
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c
a
d
b
=  ig2
h
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i (A2)
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h
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1
2
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b
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FIG. 1: Single graviton Einstein-QCD vertices.
Starting from a pure QCD color dressed n-point ampli-
tude Atreen,k the EQCD-amplitude may be obtained by at-
taching the graviton l g with data {εµpενp , pρ} to all prop-
agators and vertices of the lower point QCD amplitude.
The relevant vertices are depicted in FIG. 1, their math-
ematical expressions [28] are collected in the appendix.
Putting the gr viton l g on-shell results in a subtle sim-
plification. Let us look at the pure gluon-graviton ver-
tices first. Here one observes a decomposition as
.
where the triangle attached to a leg indicates on-
shellness. The dot on top of the gluon line denotes the
appearance of the inverse massless propagator k2a or k
2
b
which would be attached on the corresponding leg. Inter-
estingly, the last te m above represents an effective EYM
vertex intimately related to the pure YM three-gluon ver-
tex through a color-kinematical replacement rule
=
∣∣∣∣∣∣∣∣ fapb → −i κ2 g (εp · ka) δab ,
(12)
which we demonstrate in the appendix. In this relation
one replaces the color factor fabc by a kinematic expres-
sion assigning a momentum to every leg in color space.
The convention is that all momenta are inflowing. In this
argument the Ward identity has been used for the gluon
legs a and b as they attach to invariant subamplitudes.
Similarly the graviton-three-gluon vertex decomposes as
− ∑
cyclic(abc)
,
where again the dots on the top of the gluon lines de-
note inverse gluon propagators. Just as before the effec-
tive EYM vertex follows from the four gluon vertex upon
color-kinematic replacement
=
∣∣∣∣∣∣∣∣ fmpn → −i κ2 g (εp · km) δmn .
(13)
for generic indices m,n appearing in the color structure
of the four gluon vertex. The final graviton dressing to be
considered is the graviton-four-gluon vertex with an on-
shell graviton leg. Here we observe a total decomposition
into inverse propagator dressed legs only
- (a, b, d, c) cyclic ,
and no occurrence of a higher order effective graviton-
four-gluon vertex.
Turning to the quark-graviton interactions we observe
a similar pattern. The graviton-quark-anti-quark vertex,
the graviton leg being on-shell, is already the effective
vertex, now with a T p replacement rule
=
∣∣∣∣∣∣∣∣∣∣ (T p)ji¯ → κ2 g (εp · kj) δmn
,
(14)
whereas the graviton-gluon-quark-anti-quark vertex gives
rise to inverse propagator legs only
.
Putting all these insights together we see that in the
sum over all possible attachments of the on-shell gravi-
ton leg to the vertices and propagators of the lower point
QCD amplitude, all the inverse propagator (dot on top
the gluon leg) terms cancel out and the single-graviton
EQCD amplitude may be evaluated by only considering
the effective vertices of eqns. 12, (13), (14), which are all
generated by the color-kinematic replacement rule
Rp := {(T p)ji¯ →
κ
2 g
(εp ·kj) δji¯ , f˜apb →
κ
2g
(εp ·ka) δab} ,
(15)
from the sum over all attachments of a gluon to the same
QCD amplitude. This insight entails immediately the
relation for the colored amplitude
Atreen,k;1 = Atreen+1,k,0
∣∣∣
Rp
. (16)
COLOR-KINEMATIC REPLACEMENT
What remains to be understood is how our color-
kinematic replacement rule acts on the MJO-color basis
factors C(1, 2¯, σ). Here we find the key relation
C(1, 2¯, σ, p, σ′)
∣∣∣
Rap
=
κ
2g
(εp · k2σ)C(1, 2¯, σ, σ′) (17)
42
c
a
b
= gfabc
h
P↵ µaµb(pb   pa)µc + P↵ µaµc(pa   pc)µb + P↵ µbµc(pc   pb)µa
+ ⌘µaµb⌘µc(↵(pb   pa) ) + ⌘µaµc⌘µb(↵(pa   pc) ) + ⌘µbµc⌘µa(↵(pc   pb) )
i (A11)
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1
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   p(↵i p )j    ji (A13)
a
i
j
= ig  µa(T a)ji (A14)
a
i
j
= ig(pi + pj)
µa (T a)ji (A15)
i
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j
= ig

1
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⌘↵  (pi + pj)
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Appendix B: On-shell and e↵ective Feynman rules
We construct on-shell Feynman rules by contracting the external graviton with its polatrization tensor. We start
with the two gluon one graviton vertex:
a
b
= ig

1
2
(p2a + p
2
b)"
µa
P "
µb
P + ("P · pa)(Mµaµb(pa, P ) +Wµaµb(pa, pb))
 
, (B1)
where we defined
Mµ⌫(pa, P ) = ("P · pa) ⌘µaµb + "µaP Pµb   "µbP Pµa
Wµ⌫(p, q) = "µaP q
µb   "µbP pµa .
(B2)
We write this as
a
b
=
•
a
b
+
•
a
b
+
a
b
+
a
b
(B3)
And identify
•
a
b
=
ig
2
p2a"
µa
P "
µb
P
(B4)
•
a
b
=
ig
2
p2b"
µa
P "
µb
P
(B5)
a
b
= ig ("P · pa)Mµaµb(pa, P ) (B6)
a
b
= ig ("P · pa)Wµaµb(pa, pb) . (B7)
Note that in any tree level computation of a scattering amplitude the term Wµaµb(pa, pb) will vanish due to on-shell
Ward identities. It is now straightforward to obtain
FIG. 2: Single graviton Einstein-sQCD vertices.
The dashed lines denotes the color charged scalar.
where k2σ := k2 + kσ1 + . . . kσb with b being the length
of σ. To prove this relation we closely follow a proof of
a color factor symmetry found in [29]. In fact, this color
factor symmetry may be understood as a direct corollary
of our relation (11) under a gauge transformation εµp →
pµ. We first prove (17) for vanis ing σ. Here with (8)
and using the bracket notation we have
C(1, 2¯, p, σ′) = {2|T apΩ¯|1} . . . = (−)Ω+1{1|ΩT ap |2} . . .
(18)
where Ω is determined by the Dyck word of σ. One also
defines T
a
j¯i := −T aij¯ in analogy to f˜abc = −f˜ cba. With
Tap |2}|Rap → −|2} κ2g (εp ·k2) we indeed find (17) for van-
ishing σ. The non-trivial σ case is proven by induction.
Let c = σb denote a gluon leg and write
C(1, 2¯, σ1 . . . σb, p, σb+1 . . . σn−1) =: C...|cp|... .
We now assume that (17) is true for C...|pc|.... Zooming
in on the position of the insertion we may write
C...|cp|... = . . .Ξcl Ξ
p
l . . . (19)
as the two gluons are next to each other they appear at
the same level of nestedness. Consider now the commu-
tator of C...|cp|... and C...|pc|...
C...|cp|...−C...|pc|... = . . . [Ξcl ,Ξpl ] . . . = . . . f˜ cpdΞdl . . . (20)
Hence applying the color-kinematic replacement rule one
has
C...|cp|... − C...|pc|...
∣∣∣
Rap
=
κ
2g
(εp · kc)C...|c|... . (21)
By assumption we have Cσ|pc|...|Rap = (εp · k2σ)Cσ|c|...
with σ = {σ1 . . . σb−1} and the induction step is per-
formed. We note that the relation (21) points towards a
kinematical algebra structure
([Ξcl ,Ξ
p
l ])ij¯
∣∣∣
Rap
=
κ
2g
(εp · kc) (Ξcl )ij¯ . (22)
The case where the leg c = σb prior to p is a quark or anti-
quark works analogously and is proven in the appendix.
This then completes the proof of the claimed relation (11)
relating single graviton EQCD amplitudes to QCD ones.
SCALAR MATTER
Our central result eqn. (11) is in fact universal. It also
applies to a theory of gravitationally minimally interact-
ing massive, color charged scalars, Einstein-Scalar-QCD.
Clearly, the color structure of a Scalar-QCD amplitude
will be captured by the MJO basis as well. The rele-
vant single graviton vertices are collected in FIG. 2. One
again shows that the emission of a single graviton from a
multi-scalar-gluon or even multi-scalar-gluon-quark pro-
cess reduces to coupling the graviton with effective ver-
tices similar to the QCD case (see appendix). I.e. the
gluon ‘upgrading’ relation (16) holds analogously and to-
gether with the MJO basis reduction (17) this proves (11)
also for scalar matter.
An interesting question concerns the general matter
theories with Yukawa and φ4 (or φ3) couplings (in 4d).
Here the issue of a minimal color basis is to be set-
tled. However, considering single graviton emission pro-
cesses our diagrammatic argument is straightforwardly
extended to these couplings as well: There are no on-
shell graviton couplings to the Yukawa and φn vertices.
Hence the gluon upgrade relation (16) holds here as well.
DISCUSSION
In a sense the key statement of this letter is that for
every BCJ-relation there is an associated single graviton
amplitude: The BCJ-relation is nothing but the gauge
invariance of this graviton. What about multiple gravi-
tons? In [15] the single graviton EYM relation was used
as a seed for an all graviton multiplicity reduction of
the single trace EYM amplitudes to pure YM ones. The
only ingredients were gauge invariance and BCJ relations
along with a structural assumption on the form of the
higher graviton amplitudes. If one accepts this assump-
tion also for our general matter case the multi-graviton,
single trace formulae of [15] directly generalize. The sit-
uation for multi color traces is less clear to us. Finally,
we believe that (22) points towards a kinematical algebra
structure consisting of a “mixed” color-kinematic repre-
sentation which should be understood in more detail. All
our results are dimension independent. We also checked
our single graviton relation against known amplitudes in-
volving massive quarks [30] and massive scalars [21] in the
literature. Moreover, it is possible to extend our tech-
niques to loop level ampitudes with one external on-shell
graviton and no internal gravitons (leading order in κ). It
is still possible to use the effective vertex notation except
for the case where one inserts a graviton directly into a
gluon loop. There it is not possible to use Ward identities
and one additional term appears. Still, the new term will
be of the same analytic form as the insertion of a gluon
to the same gluon loop up to a factor of two. It would be
nice to obtain a decomposition similar to (11) for higher
loop level integrands using the techniques provided here.
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6APPENDIX
Feynman Rules for Einstein-Yang-Mills-Scalar Theory coupled to Quarks
The theory under consideration is defined by the Lagrangian
L = LQCD + LsQCD + LYM + LEH + LGF + LGhosts , (23)
with the usual definitions
LYM = −1
4
√−g gµρ gνσ F aµν F aρσ (24)
LQCD =
√−g ψ¯ (i /D −mψ)ψ (25)
LsQCD =
√−g (gµν (Dµ φ)† (Dν φ)−mφ φ† φ) (26)
LEH = 2
κ2
√−g gµν Rµν , (27)
where Rµν is the usual Ricci tensor, κ is the gravitational coupling constant and D
µ
ij = ∂µ δij − i g Aµa (T a)ij is the
covariant derivative with g being the YM coupling. Furthermore, we take the textbook normalization of the SU(N)
generators
Tr(T a T b) =
1
2
δab . (28)
We consider the above theory in an expansion around the Minkowski vacuum
gµν = ηµν + κhµν , (29)
and identify hµν as the graviton. We choose the Feynman resp. de Donder gauge fixings
LGF = −1
2
(∂µA
µ
a)
2
+
(
∂ν hµν − 1
2
∂µ h
α
α
)2
. (30)
The form of the ghost Lagrangian is not needed since we exclusively work at tree level. The interested reader is
referred to [28].
The graviton is understood to carry momentum P , polarization εαβ = εαP ε
β
P and Lorentz indices αβ. All momenta
are ingoing. Gluons are denoted as wiggly lines, gravitons as double wiggly lines, fermions as solid arrows and scalars
as dashed arrows.
P
a b
=
−i ηµaµb δab
P 2
(31)
P
αβ γδ
=
i Pαβγδ
P 2
(32)
P
i¯ j
=
i δji¯
/P −mψ
(33)
P
i¯ j
=
i δji¯
P 2 −m2φ
(34)
where we defined
Pαβγδ = ηα(βηγ)δ − 1
d− 2ηαβηγδ , ηα(γηδ)β =
1
2
(ηαγ ηδβ + ηαδ ηγβ) (35)
The interaction vertices with at most one graviton read [28]
a
b
c
= gfabc [ηµaµb(pa − pb)µc + ηµbµc(pb − pc)µa + ηµcµa(pc − pa)µb ] (36)
7c
a
d
b
= −ig2
[
fabef cde (ηµaµcηµbµd − ηµaµdηµbµc) + facef bde (ηµaµbηµcµd − ηµaµdηµbµc)
+ fadef bce (ηµaµbηµcµd − ηµaµcηµbµd)
] (37)
a
c
d
b
= (ig2κ)
[
fabef cde(Pαβµaµcηµbµd + Pαβµbµdηµaµc − Pαβµbµcηµaµd − Pαβµaµdηµbµc)
+ facef bde(Pαβµaµbηµcµd + Pαβµcµdηµaµb − Pαβµcµbηµaµd − Pαβµaµdηµbµc)
+ fadef bce(Pαβµaµcηµbµd + Pαβµdµbηµaµc − Pαβµdµcηµaµb − Pαβµaµbηµdµc)
]
(38)
a
b
= −iκg
[
Pαβµaµb pa · pb + ηµaµbp(αb pβ)a − ηµa(αpβ)b pµba − ηµb(αpβ)a pµab +
1
2
ηαβpµaa p
µb
b
]
(39)
c
a
b
= κgfabc
[
Pαβµaµb(pb − pa)µc + Pαβµaµc(pa − pc)µb + Pαβµbµc(pc − pb)µa
+ ηµaµbηµc(α(pb − pa)β) + ηµaµcηµb(α(pa − pc)β) + ηµbµcηµa(α(pc − pb)β)
] (40)
i¯
j
=
iκ
2
[
ηαβ
(
/pi −mψ +
1
2
/p
)
− γ(α(pi + 1
2
p)β)
]
δji¯ (41)
i¯
j
= iκ
[
1
2
ηαβ
(−pi · pj −m2i )+ p(αi pβ)j ] δji¯ (42)
a
i¯
j
= ig γµa(T a)ji¯ (43)
a
i¯
j
= ig(pi − pj)µa (T a)ji¯ (44)
8i¯
a
j
= iκg
[
1
2
ηαβ (pi − pj)µa − ηµa(α(pi − pj)β)
]
(T a)ji¯ (45)
a
i¯
b
j
= ig2ηµaµb{T a, T b} (46)
i¯
a
j
=
iκg
2
[
ηαβγµa − ηµa(αγβ)
]
(T a)ji¯ (47)
a
b
j
i¯
= −iκg2Pαβµaµb{T a, T b} (48)
On-shell and effective Feynman rules
We construct on-shell Feynman rules by contracting one external graviton or gluon with its polarization tensor
and using the conditions εP · P = ε2P = 0. Graphically we denote the on-shell leg with a triangle. We start with the
two gluon one graviton vertex:
a
b
= iκg δab
[
1
2
(p2a + p
2
b)ε
µa
P ε
µb
P + (εP · pa)(Mµaµb +Wµaµb)
]
, (49)
where we defined
Mµν = (εP · pa) ηµaµb + εµaP Pµb − εµbP Pµa
Wµν = εµaP p
µb
b − εµbP pµaa .
(50)
Moreover we used
pa · pb = 1
2
(
(pa + pb)
2 − p2a − p2b
)
, (51)
where the first term in the bracket is p2 = 0. We write this as
a
b
=
•
a
b
+
•
a
b
+
a
b
+
a
b
(52)
9And identify
•
a
b
=
iκg
2
p2aε
µa
P ε
µb
P δ
ab (53)
•
a
b
=
iκg
2
p2bε
µa
P ε
µb
P δ
ab (54)
a
b
= iκg (εP · pa)Mµaµb δab (55)
a
b
= iκg (εP · pa)Wµaµb δab . (56)
Note that in any tree level computation of a scattering amplitude the term Wµaµb(pa, pb) will vanish due to on-shell
Ward identities. It is now straightforward to obtain
c
a
b
=
c
a
b
− •c
a
b
− •b
c
a
− •a
b
c
(57)
a
c
d
b
= − •c
d
b
a
− •d
b
a
c
− •b
a
c
d
− •a
d
b
c
(58)
i
a
j
= − •a
i¯
j
(59)
i¯
a
j
=
i¯
a
j
− •a
i¯
j
(60)
a
b
a
i¯
= − •a
b
j
i¯
− •b
j
i¯
a
(61)
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with the identification of the effective Feynman rules
c
a
b
=
κg
2
fabc
[
ηµaµbεµcP (εP · (pb − pa)) + ηµaµcεµbP (εP · (pa − pc)) + ηµbµcεµaP (εP · (pc − pb))
]
(62)
i¯
a
j
= − iκg
2
εµaP (εP · (pi − pj)) (T a)ji¯ . (63)
The last two on-shell Feynman rules are
i¯
j
= − iκ
2
/εP (εP · pi)δji¯ (64)
i¯
j
= iκ (εP · pi) (εP · pj) δji¯ (65)
which we can compare to the on-shell Feynman rules of pure YM - one of the gluon legs is taken to be ex-
ternal and contracted with its polarization tensor. Consider
p
i¯
j
= ig /εp (T
p)ji¯ (66)
p
i¯
j
= 2ig (εp · pi) (T p)ji¯ (67)
where we used momentum conservation in the two scalar one gluon Feynman rule pj = −pi − pa. Upon a
closer look we notice that we can reach the effective vertices with an external graviton via the prescription
(T p)ji¯ →
κ
2g
(εp pj) δ
ji¯ , (T p)ji¯ → −
κ
2g
(εp pi) δ
ji¯ . (68)
Similarly we obtain
p
a
b
= 2gfabp
[
Mµaµb +
1
2
Wµaµb
]
. (69)
Ignoring the Ward identity term, we can generate the effective vertex with one external graviton (55) through
fapb = i(T p)ab → −i κ
2g
(εp pa) δ
ab , i(T p)ab → i κ
2g
(εp pb) δ
ab . (70)
We observe that the prescription of the fundamental color factors differs to the adjoint factors by a minus sign.
Nevertheless, we can define adjoint color factors f˜abc = ifabc which will have the exact same behaviour in the color to
11
kinematics prescription. Higher multiplicity vertices can also be generated by this prescription. We start with the case
a
i¯
p
j
= ig2εµap ((T
a)jk(T
p)ki¯ + (T
p)jk(T
a)ki¯) (71)
Sending
(T p)ki¯ →= −
κ
2g
(εp · pi) δki¯ , (T p)jk → κ
2g
(εp · pj) δjk , (72)
we can see that we land exactly on (63). The four gluon vertex is more involved. We start by writing
p
c
a
b
= −ig2
[
εµcp η
µbµa(f cbefpae − f caef bpe)− ηµcµa εµbp (f cbefpae + f cpef bae)
+ ηµcµb εµap (f
cpef bae + f caef bpe)
]
.
(73)
Let us focus on the first color structure
f cbefpae − f caef bpe = −(f cbefape + f caef bpe) = −i(f cbe (T p)ae + f cae(T p)be)
→ i κ
2g
(
f cbe (εp · pa) δae + f cae(εp · pb)
)
δbe = i
κ
2g
(
f cba (εp · pa) + f cab(εp · pb)
)
= i
κ
2g
fabc (εp · (pb − pa)) .
(74)
Hence
−ig2
[
εµcp η
µbµa(f cbefpae − f caef bpe)
]
→ gκ
2
εµcp η
µbµa fabc (εp · (pb − pa)) , (75)
which is exactly the first term in (62). The other terms are reached in exactly the same fashion. This section concludes
two statements
1. From the notion of effective on-shell Feynman rules we can deduce that the number of possible graviton insertions
into a tree level diagram is the same as the amount of possible gluon insertions into the same diagram.
2. The effective on-shell Feynman rules with one external graviton, and therefore diagrams including such vertices,
can be generated by the proposed double copy from pure gluon Feynman rules.
Proof of Key Relation
Eq. (17) has already been proven in the case of σb = c being a gluon. It is straightforward to prove the other cases.
1. σb = c is a anti-quark: The color factor will have some expression that depends on the Dyck word. Never-
theless we may zoom in on the position of insertion and read
C...|cp|... = · · · {c|T c ⊗ Ξcl−1 Ξpl · · · = · · · {c| (T c T p) ⊗ Ξcl−1 · · ·+ · · · {c| (T c ⊗ (Ξcl−1 Ξpl−1) · · · , (76)
where we used the definition (9). Similarly we get
C...|pc|... = · · ·Ξpl−1 {c|T c ⊗ Ξcl−1 · · · = · · · {c| (T c ⊗ (Ξpl−1 Ξcl−1) · · · . (77)
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Now computing the commutator will give
C...|cp|... − C...|pc|... = · · · {c| (T c T p) ⊗ Ξcl−1 · · ·+ · · · {c|T c ⊗
([
Ξcl−1 , Ξ
p
l−1
])
) · · ·
= · · · {c| (T p T c) ⊗ Ξcl−1 · · · + · · · {c| ([T c , T p]) ⊗ Ξcl−1 · · ·+ · · · {c|T c ⊗
([
Ξcl−1 , Ξ
p
l−1
])
) · · ·
= · · · {c| (T p T c) ⊗ Ξcl−1 · · · + · · · f˜ cpk{c|
(
T k
) ⊗ Ξcl−1 · · ·+ · · · f˜ cpk{c| (T c) ⊗ Ξkl−1 · · ·
= · · · {c| (T p T c) ⊗ Ξcl−1 · · · ,
(78)
immediately implying (
C...|cp|... − C...|pc|...
)∣∣
Rp = (εp · kc)C...|c|... . (79)
2. σb = c is a quark: We zoom in and see
C...|cp|... = · · · |c}Ξpl · · · ,
C...|pc|... = · · ·Ξpl+1|c} · · · = · · ·T p|c} · · ·+ · · · |c}Ξpl · · · .
(80)
Hence the commutator is just
C...|cp|... − C...|pc|... = − · · ·T p|c} · · · , (81)
and we immediately obtain (
C...|cp|... − C...|pc|...
)∣∣
Rp = (εp · kc)C...|c|... . (82)
This concludes the proof of (17).
